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Symmetric function products and plethysms and the
boson—fermion correspondence

T H Baker
Physics Department, University of Tasmania, GPO Box 252C, Hobart, Australia 7001

Received 6 May 1994

Abstract, We use the boson—fermion correspondence for § and @ functions to establish some
interesting properties conceming outer products and plethysms of S-functions (or Q-functions}
by power sum symmetric functions. The techniques which are developed are also applied to
computing the inverse Kostka—Foulkes matrix (which is the transition matrix between Hall-
Littlewood symmetric fanctions and S-fanctions) in some simple cases.

1. Introduction

The long-established boson—fermion correspondence [1] has been of great importance in
many areas of mathematical physics. It has proved indispensable in vertex operator
realizations of affine Lie algebras [2-5], which in turn can be used in the study of hierarchies
of nonlinear partial differential equations [6,7]. It has also proved useful in the theory
of symmetric functions as it relates to these hierarchies. It has been used, for example,
in the theory of the (B)KP hierarchy of nonlinear partial differential equations [8,9] to
prove that Schur (Q-)polynomials solve the hierarchy [10-13], as well as investigating the
Hirota form of the (B)KP hierarchy [14]and its connection to the tensor product of two Fock
representations of the Virasoro algebra. [15]. In addition it has proved helpful in proving
§ and QO-function identities [16-18], new determinant formulae for composite § and Q-
functions [19], as well as investigating various g-deformations of symmetric functions [20].

It is in the spirit of the latter works that we approach the present work. There, the
boson—fermion correspondence (along with Wicks theorem) was used as an algebraic tool
to translate calculations involving free fermions (whose algebra has a very simple structure)
into results concerning S and {-functions. Indeed, one can generalize the correspondence
to Hall-Littlewood symmetric functions [21] although, in this case, the structure of the
corresponding fermionic algebra is not nearly so nice as that of free fermions. Nevertheless,
as was shown in Jing’s article, it is still possible to derive some powerful results concerning
symmetric functions. By using the different realizations of the Heisenberg algebra in terms
of power sum symmetric functions and in terms of a bilinear expression involving free
fermions (neutral free fermions) we are able to find a method for decomposing the power
sums p;(x) in terms of S-functions {Q-functions). This enables one to calculate (albeit
by brute force!) the characters x; of the symmetric group S, which provide the transition
between power sums and symmetric function

)= x 5.(x).
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Using the same method, we also develop a very mechanical formula for the well known
decomposition of the product of a power sum and an S-function, in terms of other §-
functions. This implicitly carries the same information as the Murnaghan—-Nakayama
recurrence relation for the characters of the symmetric group {22].

‘We then turn our attention to computing plethysms [23, 24] of the form 5, (x) @ p,(x).
That is, we find a proceedure for decomposing s;(x") in terms of S-functions s,(x). by
relating the vertex operator realization of S-functions with argument x” to those with
argument x. This provides us with some exact results (particularly in the case r = 2)
as well as providing an algorithm in the general case. We then turn our attention to Hall-
Littlewood functions and in particular the inverse Kostka-Foulkes polynomials, which are
the matrix elements of the transition matrix between Hall-Littlewood functions and S-
functions. These polynomials have been calculated in terms of matrix elements of certain
vertex operators [21], and there is indeed a direct combinatorial description of them [25, 26].
We use the techniques developed for the plethysm calenlations to work out a method for
calculating imverse Kostka-Foulkes polynomials, and derive a couple of explicit results.

In section 2 we briefly review the classical boson—fermion correspondence, before
utilizing it to reproduce some well known identities involving power sums and §-functions.
Using the boson—fermion correspondence for Q-functions [10], these identities are extended
to that case in section 3. In section 4 we investigate the plethysms 5, (x) @ p,(x) = 5. (x").
By manipulating the vertex operators representing the free fermionic currents, we are
able to give a procedure for calculating this plethysm and write down some simple cases
explicitly. Lastly, in section 5, we carry out similar manipulations to Hall-Littlewood vertex
operators [21] to find an algorithm for calculating the decomposition of the Hall-Littlewood
function Pi(x; ) in terms of S-functions. We conclude with some remarks about extending
the concept of plethysm to Hall-Littlewood functions, and look at a couple of examples.
In the appendix we display some interesting relationships between elementary Q-functions,
the functions 4,(x?), and the compound functions &, (x, x).

2. S-functions and the boson—ferntion correspondence

Eet us summarize the boson—fermion correspondence for free fermions [8] which we shall be
using extensively. The algebra A of free fermions is generated by ¥, ¥, I € Z satisfying
the anti-commutation relations

(Wi, ¥} = 0= {y, ¥/} {i, ¥/} = &y 2.1
There is a Fock representation of this algebra with a vacuum |0} which satisfies

%0 =0 (<0 P10y =0 (20 22

Olgr=0 (20 Olyr=0 (@ <0).

Using this definition of the vacuum, we can compute the vacuum expectation value
{a) = {0|a]0} for any product of free fermions. In particular we have

{(¥iyy) =0 W/ ¥7) =0

il

(Wiy) = i)

0 otherwise 0 otherwise.

i

ltsij f=j-<0 5,‘; E'==j2'-0
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If we define normal ordering by : ¥ ¥} '= ¥y} — (Y9} then we have

iy} iz0 RS j=<0
Y = . LYy = L
—y <0 /L)
Let
Hy=Y 9w, neZ. (23)
i€
Then the operators H, generate the Heisenberg algebra
(Hy, Hyl = 1 85im0. 24

Suppose we have a set of Heisenberg generators {a, : n € Z} satisfying (2.4). These
have a realization on the space A{x) of symmetric polynomials in the indeterminates
(x1, %2, ...} in terms of power sum symmetric functions pr(x) =3, x,f‘ as

g & Dk oy > }’c:i fork >0 2.5
apx

and o acts as a constant on A. Let us adjoin to the Heisenberg algebra an operator g
satisfying

[g. o] =0 forn##0 [g.00] = i.
Define vertex operators

n=1

n=1

(2.6)

=]

¥*(z) = exp (— Z a: z") exp (Z 5;—" z'") 7~%e e,
n=1

n=1

If the modes of these vertex operators are given by the expansion
V@ =) V" Y@= vz
ne rek

then it is well known that the modes ¥, 1, satisfy the anti-commutation relations of the
free fermion algebra (2.1}, Moreover, under the association (2.5) every state a|(), 2 € A
in the fermionic Fock space can be identified with a symmetric function as follows: Define
a grading (charge) on the elements of A4 by setting deg(y;) = 1, deg(y¥) = —1, for all
i € Z (this can be achieved by the grading operator ad(Hy) with Hy defined in (2.3)). Thus
an element ¢ - - -7 ¥y -+ - ¥, |0) will have charge ! = s —r. If we let

g9 ifI1<0

o0

1
Il= 4 {0 ifl=0 Hx)=> — H,
{11= 1] i (x) ;npn(x) f
Olg--- ¥, ifl>0
then we have the isomorphism of states
al0y < {[|1e"®q|0). @n

In fact each of the charge subspaces A = @.4; will be isomorphic to the space A of
symmetric functions in the variables x. In particular there is the identification [8] for
0, < - <i, 0 fi<--- = jj

YE U 1 0) = (=1yitietli=D/2 g (1) 2.8)
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where
A=+ l=Liadk2 =1, g+ =1, rd™ (= Dyhmieml 2R hel hheTy
2.9
Note that for / = 0, we can write this in Frobenius notation as
il 1.2 t f’ 2 - . + .
A=y ) . = (.. i dh=Lpa~-1..., ) =D
A=l =1 o g=1

The boson~fermion correspondence can be used to prove useful identities involving
S-functions. For instance, we know that under the above ‘isomorphism, the Heisenberg
generators (2.3) are mapped onto the following operators on A.

H_, < pu{x} H, «~—n >0 (2.10)

dpn(x)
while Hy < 0. Thus, acting on the vacuum, we know that 7_,|0) = p,(x).1 = p,(x}, so
that

pu(x) = Honl0) =) 199, : [0)

ieZ

=1 n-1
= (Zj Yivl, — (Z, + Z) v, m) 10) = Y (=1) sum1-jip(x)

izn <0 =0 =0
expressing the well known identity between power sums and one-hook S-functions. In a

similar manner we can calculate piam)(x) = Pn(x) pn(x), by working out H_,H_,|0}, and
obtain

-t in
P(ﬂ.m)(x) = ( Z _Z) (- 1)n+m—k S(k-lln-{-m—k)(x)
k=n+1 k=1

+ ) =R sttty (%)

k=t I=1
In principle, one could expand the power sum p,(x) in terms of S-functions by applying
the operator H_, H_,, - -- to the Fock space vacuum. However, it would be easier to use
the following result recursively.

( i i )
D BT A

where ji 2 1, i, > 0, then

Lemma l. If

r

n—1
Prsi= ) (50, = (-1 5,,) ~ 2 (- 5,

g=1 k=0

( i T A R i (.1.
He=1 | , , Ok =
=1 e dg =1 e =1

k
n—k—1
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i iy i
Vg = '
BN B A R IR S

The proof uses the isomorphism (2.8) and formulae such as

and

mn
Y Ui |0 =3 (1P & Yy ¥, 10) S 20

p=1
where ~ denotes omission of the relevant object. Note that non-standard partitions ug,
vy, and oy will arise in the above expansion. Baut these are easily modified to standard
partitions by noting that interchanging consecutive Frobenius labels introduces a minus sign
in the S-function (so that, in particular if a partition has any two Frobenijus labels equal,
the corresponding §-function is zero). The above lemma was proved in {27] in the form

Pnsi= Y (- Vg, (2.11)
1)
where the sum is over all partitions u such that the skew diagram & = g — A is a border
strip of length n. By this we mean that & is a connected skew diagram which contains
no 2 x 2 blocks, the length of # is 3}, 8;, and ht(#) is the one less than the number of
rows 8 occupies. Hence to calculate p, s, one can use the algebraic result lemma §, or the
combinatorial result (2.11).

We can slightly generalize the Heisenberg generators (2.3) and in the process, obtain
some interesting identities involving elementary Hall-Littlewood functions and S-functions.
Let

Hi) =Y "oy, o (2.12)
i€
Then these generators fulfill the commutation relations

n -

[Ha(0), Hu()] = (" — "V Hp (1) +1 2:7

3n+m.0

so that the usual relations are obtained when ¢t = 1. For generic ¢ these generators do not
form a closed algebra, although the geperators {H,(1), H,{(—1) : n € Z} form an interesting
Zy graded algebra (although not a superalgebra). Also the set {H,{—1) : n even} form
an ordinary Heisenberg algebra and the set {H,(—1) : n odd} an algebra of symplectic
bosons [28]. The elegant representation of H,(l) = H, in terms of power sums and
their adjoints unfortunately does not generalize to the ¢ ¢ 1 case. In fact, if we have the
generating function H(w) =), H_,w" then it follows that

Hw) =: y(w)yp*(tw) := Z(w, wr)

.1 X8
” i ” (exp (Z ;p,,(u" - v")) exp (Z 5;;(14‘” - v"')) - 1) .

n=1 n=1

where 8]

Z{u, v) =

That is

l-ag

Hot) = 7= D 4n(x: D)n(x: 1)
1 =l (2.13)
-ty 0
Hy(t) = ; — D @n(x; OGngp(x; 1)
n=0
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where g,(x; 7) is an elementary Hall-Littlewood function (see section 5) and the differential
operator 4, (x; r) has the generating function

St wen( S vt

These have the usual limits (2.10) as r — 1. Using (2.13) we see that
H_,(0|0) =

(i) = Py f) >0
so that if we now use the definition (2.12), we have the well known result [27]
r-1
Peo(xi 1) =3 _(—1)* S(rt-tity(x) (2.14)
k=0

where P, (x; 1) denotes the Hall-Littlewood function (see section 5 for the definition).
To see the action of H_,(t)H_p,(r) on the vacuum, we first need the result

gix, ) QJ'(-x; r) = Z[n]r:{‘b—n(-x Ngin(x; 1) — (1 + ) Fi—n-1(x; F)gi—n—1{x; 1)

n=0

r —
+? G2 (X F)Gimn=2{X; !)}

:—n_".n-H

where [n},, = S5Z-—. This is proved using the generating functions for ¢, and g,. From
this, one obtains the following two equivalent expressions for H_, () H_,,(r)| 0):

(zr Sl =r@+> li— o +r2) i - 2],.,) Posmy (%3 1) Pinoi(} 1)
=D i=1 =2

m—1

—-

n=—

= Z R YR s it mekm1) (X) — sz(—f)"' Sinkm—k—1) (%)
k=0 k=0
n—1m=
+ ZZ( "= st ttn—t-tm-1-1(2)
k=0 1=0
which is an unusual identity involving elementary Hall-Littlewood and S-functions. When
t = 1and r = —1 (or vice-versa), the left-hand side reduces to —p,(x)g,(x)/2 where

gm{x) = %P(m;(x; —1) is an elementary Q-function (see section 3), so we obtain the
expansion of the product of a power sum and an elementary @-function in terms of one and
two-hook S-functions. This result could also be deduced however, by expanding g,,(x) in
terms of S-functions by (2.14) and using lemma 1.

3. Q-functions
Elementary Q-functions g,(x) are defined in terms of the generating function
1+ x,-z) et n
—_— )= x)z".
l:.-[ ( 1 —x;z ; 9n(x)
For a two part partition (m, n) (strict or non-strict), let

Qim (%) = g (X)gn(x) + 23 (=1) g ($)gn—; (x).

i=1
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Then Quam(x) = —Quumy(x) and so if A = (A, ..., &p) is a partition with distinct parts,
one can define

0x(x) = PF (0 1))

where & = A if p is even, and A = (&, 0) if p is odd. Here Pf(M) denotes the Pfaffian of
the antisymmetric matrix M. There is likewise, an isomorphism between the Fock space
generated by neutral free fermions, and @-functions. The neutral free fermions ¢, § € Z
are defined in terms of free fermions, by

_ W+ D

b N
which satisfy the anti-commutation relations
b, 951 = (=D)'81410. 3.1)
There is a vacuum |0} defined by ¢, [0} = 0 for i < 0. Let
H, =} Zz(_I)H L Gidica ! (3.2)
ie

with normal ordering defined as above. That is
¢id; if j <0
iy = { —¢ih if j >0
(1 —8;0)idbo if j=0.
Then the generators {H, : n € 2Z + 1} generate the Heisenberg algebra
i

[Hn, Hn] = 5

an+m,0-
Again, if one lets

X(z) = './_15: exp (2 Z %z") exp (— Z 0 z'") = Zijj

nodd noda 3Pn ez

then there is an isomorphism ¢; <> X;. Moreover, there is an isomorphism of the states

(11,19]
&y s, - r,) =277 Qi (x) if p is even
€O day -+ 1, P0) = 272 0y (x) if p is odd.

In particolar the state @pd,|0) < %Q(m,,,)(x). Under this isomorphism, the Heisenberg
generators have the realization

br -1, 10) >

n 8

2 8pa(x)
Like the S-function case, there is a relation between (odd) power sums and two-part Q-
functions

H_y +—— pa(x) H, +— n>0,n odd. (3.3)

k
Prai(x) = 1) (=1 Qa1 @)
=
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which is proved in a similar manner, using (3.2) and (3.3) Note that it is only possible to
express the odd power sums in terms of @-functions, because the space spanned by the
@-functions is isomorphic to Q[pi, pa. ps, ...]. Similarly we have

R n
Peni 20 = § 3 (=1) Qomtantr-jy®) = § D (1) Qamar4jans1-j )
=0 I=

m T

+4 Z Z(—I)f” Qm+1-i i 21—,y (X).

i=0 j=0

Again, we can recursively obtain the decomposition of p(x}, with each A; odd, by using

n ] I3 )
Paey1 Qiay.in) = Z Qg 24 1,0h) T 3 Z(—l)' Oyt 214, 0) G4

the proof of which involves use of the anti-commutation relations of the neutral free fermions
(3.1). Once again, the partitions in the above expression are non-standard and are changed
to standard ones by noting that the interchange of any two consecutive partition labels
introduces a minus sign in front of the Q-function. As in the S-function case, there is a
combinatorial version of (3.4} the details of which we refer the reader to [29, 30).

Example. Using the elementary Q-functions

g1 =2p g2 =2p% @ =4%pi+2p; gs = 2p} + ipspy

we have

p3Qan = 3(pspl — P)) = Qis.n — Quay + 1 Qa2

4, S-function plethysms

In this section we will examine (outer) plethysms of the type 53 @ p, = s.(x], x3,...), and

use these results to show how one could calculate some more general types of plethysms.

Many explicit results concerning plethysms are known [31, 32], along with lots of powerful

theorems which aid in their evaluation [23,24). We shall, as a contrast, use the boson—

fermion correspondence as a tool for the decomposition of s, (x") in terms of S-functions

with argument x, which will enable us to calculate other plethysms direct from the definition.
Let us examine the case r = 2 in detail. We know that

3 ha(x?)2™ = exp (Z ;Ipzn(x)z”‘) = exp (Z -I-i—i_—l)ipn(x)z")
n=0

n=1 n=1

= (Z hk(x)z") (Z(—l)’hz(x)z’)
=0

=0
50 that

2n
ha(x) = 3 (= 1D* e (x)hza—s (2).
k=0
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Using

k
Rihopg = ZS(Zn—j,j) (4.1)
=

and rearranging the sum, we obtain the result [33]
n
hax®) =Y (=1) sga—j, (%) (42)
i=0
along with the conjugate relation

e,,(xz) = Z(—l)j 5 122y (%).

j=0

To calculate s;(x%) for general A, we proceed as follows. Let
t Pn(X) S R
Yz =exp{2Y ———z"|exp] - ") eMg™®
@ p(Z . ) p( Z,,:ap,,(x) )
\IJ*(Z) = exp _zzfpn_(x) " exp Z:’ 3 z 7" z—zaoe—iq
ral 8pa(x)

n

(4.3)

where 3 ' =3 ... Note that the vertex operators (4.3} are just the operators {2.6) with
x — x? and z — 2% Thus if we write W(2) = ¥,z Vuz®™, V(@) = T,z ¥iz~2", then
\p:jl "'W:j, ¥ -0 — (= Dt e =D o (x7)

where A is given by (2.9). Now, let E(z) = Y ()P (—z), %(z) = ¥*(z2*(—z). That is

E(Z) =2 eXp (ZZ’P"TOC) zﬂ) exp (_22’3p a(x) Z-—n) eZiQ(_l)aozmoﬂ

n

-~ ' palx) - -1 —2ap—1 ,~2i
¥*(z) =2 exp (—zzn: TZ )EXP (2; m z n) (—1)t0—1g 2012
Then ¥(z) = 1:1;(2)5(2) where
—i, o — ' 3 —n
£@) = 32e79(=1)" " exp (Z Bpn®) © ) '

We can expand E(z) as a power series :?f(z) =3 ncz {{;,, 7271, where

@"n = Z(_I)j!hn-l% =2 Z (—l)jl,#g,,_nbj. (4.4)

jed j€n-1

If we now use the fact that &, (x?) = W,|0), we have (ignoring the factors of 2xi in this
and subsequent integrals)

hn(xz) = f %Z—h\p(z)iO) = _?:lf _c,]fz—Zn+1‘:b_"(z)e—jq[0)

n—1
== Y (=11 ;¥;79|0) .

j==1
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Upon using the fact that ;y;e49|0) = Sgg—1,j-r(x), we recover (4.2). In a similar
manner we can consider ¢, m)(xz) = ¥, ¥, |0}, and get

U, ¥ |0) j & T ) () (22)E )| O)

Z Ynsmo1-p¥p € 2] 0)

p=-1

where we have used the property & ()P w) = —w?(l - w? /22" Y (w)E(z). Hence
m n+p—lm=2-~p

S(n—l,m)(x2)=z E Z (=1 541 2mm2p—3—t, jr1 2n42p41- (XD, 4.3)

p=0 j=~2 Rk==2

As for the results of section 2, the partitions that occur on the right-hand side of (4.5) may
be non-standard, and hence must be modified using the standard rules. For the general case
we have

2
Sin— p+lima=ps2,....tp- —1.15) x)

= lIJnllIan ""‘I"n,lo)

Az ok =m)_2ke=ny+] kg =g+ p=1)
= ¥ f?zlu w2k tl) | 2=y

Fy ek
2
x ]'1( —-’2) Bk, -+ ¥, €779 0)
[<f
= (DT = Rip) " By Famr - Fipymprr €7910) {4.6)
i<

where R;; acts as a raising operator:
Rythn, -, ¥, ¥, =¥, s Yy - U,

One can now use (4.4} to rewrite (4.0) in terms of S-functions of the argument x. For
partitions of length greater than two, the results are not aesthetically appealing so we do
not bother to write them down explicitly.

There is, however, a neat formula for one-hook S-functions w1th argument x2. Recall
that W* ;| 0} = (—1)s65-1y(x%). Again, we can write ¥*(z) = V*(z)&"(z) where

. r 8
E*(z) = (—~1)%* 1z exp (—Z ) z"") .

Now E*(2)¥(w) = (272 — w™2)J(w)E*(z), so we get

J =l
(— 1 sj-1y(x?) = ZZ(_])p+g+]5(q.2i—l—quj—p.p—l)(x} + sq@izj-1y(x)
p=1g=0

J—=l i

+> Z('— P 214 1-g12j-2-p.p-1) (X) = Seiz1i2j—2)(%).
p=1gq=0
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4.1. The general case

The extension to calculating s, (x") proceeds as follows: Let w be a primitive rth root of
unity. That is @" = | and

e r k=0, (modr)
1+of +o® 4+ ol V=
0 otherwise.

Y=

R n=0{mod r)

and

¥(z) =exp (rzn:”‘v—"rf—x—)- z”) exp (—Zn:” 3pf(x) z‘") ez,
Then if W(z) = 3,z ¥a2™, we have
W, |0} — six")
where A = (i; —s + 1,i, —s+2,...,1). Again, Jet
V@) = @) - ¥ ™'2)
r—1

— np,,(x) n 78 -
= 1_[ ((1 —w’ )" exp (rg ¢ )exp (——rzn: Bp,,(x)z )

J=t

% ' zrtm-{-r(r—l)/Z wr(r-1)1‘-'0;’2-1-"("-1)(1'-2)/5) .

Then ¥(z) = a(z)é(z) where

r—1
E(z) = n ((1 _ w;‘)_,r'-n zr(r—l)/z wr(r—l)@r-l)/ﬁ e—r—Dig w—r(r—l)uo,t’z

v 3
X exp ((r — I)Z 0 z-ﬂ)) .

J=1
1}“(2) = Z @p zrp—r(r—l)/Z

peL

If we expand

then
R e

iz yendy
i+ Hie=rp=rir—=-1)/2

=r Z ( E (sgno) wfg(2)+2ic(3}+"‘+(r_[)ju(r)) Wiy

B <ip <. Ly FES,1
iy +eobbe =rp—rir—1}/2

.7
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where S;_; denotes the symmetric group on the elements {2,3, ..., r}. From here on, we
can simply follow the r = 2 case. For example we have

dz — o r-N2r-n/6
V|0 = | Zgm 0) =
0= [ ST T

Yne~"910).  (4.8)
Using

Wiy - - W, €4910) =S¢, o1y — =Dk —) (X)
we are able to express f,(x") in terms of S-functions with argument x. Because the above

construction mirrors the r = 2 case, one can similarly write down an expression for s,(x"),
for general A.

Example. In the case r = 3, with @ = 1, using (4.7) and (4.8) we have

1 o o
P —w Z (@™ — B s, i (1) (4.9)

—2h <ia <y
b1t iahiy=3n—3

hn(xs) =

so that, for example
h3(x%) = soy(x) — s@n(x) + Sgun(x) + 53y (%) — 5213 (%) — 54y (x} + sgsan (x)

541y (x) — sszy(x) + s@3n(x)
which may be checked explicitly by noting that, in terms of power sums, both sides are
equal to { pg +3pgp3-+2ps)/6. It is interesting to note that not all of the terms on the right-
hand side of (4.9) are non-trivial (e.g. the ones corresponding to (iy, f2,i3) = (-2, 1,7 or
(—-1,2,5).

Using the above results we are in a position to calculate some plethysms by brute force
(from the definition). Recall that, to calculate 5, ®s,,, one expresses 5, (x) as a mu!tinomial
in the power sums py(x), pa(x), ... and then make the substitution p;(x) — si(x’). Thus,
for example, to calculate h, ® k3, write ka = S(p; + p?), so that

By ® By = L (halx®) + B2(x)) .
Upon using (4.1) and (4.2), we recover the well known results
{r/2)
Stn) @ Sy = z S@n-2j,2j)
i=0
[(n+1)/2]
S ® Sy = Z S(n-2j+1,2j~1}-
i=
Conversely if one knew that (4.10) were true, one could use the right-distributive law for
plethysm, to calculate sp ® p2 = 5¢m) ® (S — Sa), which was the method used in [33]
to prove (4.2).
One could go on to calculate sy ® sg3) from the definition
Sy ® Sy = Shn(x®) + Lha R (x) + L ()Y
by using (4.1), (4.2) and (4.9) along with
n  min {p—p,2n—-2j}

Sn-j pX) Bn =Y > $(2n=j4poj+qn-p=g) (X).
p=0 g=max (0,n~j—p)

(4.10)

In a similar manner, one can obtain explicit expressions for the plethysms s(;) ® 51y and
Sty ® sg3) using sey = (p} — ps)/3 and sy = p}/6 — p2p1/2+ p3 /3.
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5. Hall-Littlewood functions

Finally, there is the boson—fermion correspondence between Hall Littlewood symmetric
functions, and the generalized fermions of Jing [21]. Instead of the vertex operators used
there, we use a slightly shifted version which reduce to the usual ones when ¢ = 0,

11" 29 ,
@(z) = exp (Z p, ! p,,(x)z“) exp (—Z P z_") 9720

n=1 n=1

l=" X 9 .
¢*(z) = exp (— > ——n—’—p,.(x) z") exp (Z ) z"‘) 2™

n=1 n=1

the components of which, obey the anti-commutation relations

{Pn+ @} = 1O 1Pm—1 + tPm41 Py
{@n, O} = t@n_1Opi1 + 105160y,

{@n, (0:1} = t‘?’n-—lq’;_l + t’i":;+|§0n+l +{1- t)zan,m-
If the bra and ket vacua are defined as in (2.2), then we have the equivalence [21]

OrPry v Pa, 02,1 0) > Qalxi 1)

where A = (Ay — p+4 1,42 — p+2,..., &p). It is not altogether obvious to what function
the state ¢* L i P P |0} is mapped. For the simplest state ¢* jgo,-IO}, we have

o500 < fi 1) = g O/x g(x ) + (1 =) Y g1 (0/x: £)guax; 1)

k=1
where the supersymmetric functions g,(x/y; t) have the generating function (see [34])
= 1—ix;z 1—yiz
(x/y;8)z" = ( ) ( ) .
;q,, H 1—xz J\1—tyz
In particular we have g,(0/x; ) = (—1)"Su=(x; £), where S,(x;1) = det(gy,_ir;(x; 1))
The function f; ;j(x;t) reduces down to the one-hook S-function sg;;—1)(x} in the limit

t — 0, but does rot represent a one-hook Hall-Littlewood function, which can be expressed
as [35]

k
Qi iy 1) = (L =)L =) (1 =15 D (=1) g (x5 1) € (x)
j=0

where €,(x) is the nth elementary symmetric function. In fact, since g,(0/x; —1) =
(~D"qu.(x; —1), then f; ;(x; —1) = Q. »{x), a two-part @-function. From the relation

i
Z gn(x; Dgp-n(0/x: 1) =0
n=0

we see that
fiieny =0+ 1D gi(x; ) g;(0/x; 1) ~ f:(0/x; 1)

so that when 7 = —1, we get O n(x) = —Q;.n(x) as per usual. Because we do not
know how to express g P st 3 -+, |0} in terms of Hall-Littlewood functions, it
appears that we are unable to calculate the product of a Hall-Littlewood function and
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a power sum. One way to get around this is to express the Hall-Littlewood function
Py(x; 1) = b 1 ()0 (x; 1) , where

h@=]mw®  HO=0-00-M -t

and m;(A) is the number of times i occurs in the partition A, in terms of S-functions

P(x;t) = Z K () 5u(x) (5.1)

using the inverse Kostka~Foulkes matrix X [#1 (2), use lemma 1, and then re-express the the
result in terms of the Pi(x;¢) using K,,(). As previously mentioned, there are quite a
number of explicit results concerning Kostka~Foulkes matrices, and it is our intention to
now describe a way of calculating their inverses via (5.1).

It turns out that we can use the techniques of section 4, where we decompose a vertex
operator in terms of products of free fermionic currents and an annihilation part to find
a simple way of calculating the inverse Kostka—Foulkes matrix elements K, L), Write

@(z) = P(z) £(z) where P(z) = y¥(z)¥*(¢z) and

§(2) = (1 — 1yt~ leMz™ CXP( Zrnapna(x)z_n) .

a=1

Note that we can write §(z) = ¥,z $uz", Where
G= t ¥, (5.2)

JEZ
Thus
Qe (x; 1) = ¢, 0) = (1 ~ 1) $, € 0)

n=1
==t/ Yy, €910)

=0
and we recover equation (2.14). Similarly, we can use the fact that

E@P) = —— Pl

to obtain

m—1
nPm| 0} = 32(1 - t)z (@—lam +{(1 - t-t)z@-f-jam_j_!) ez‘q[O)
i=0
so that upon using (5.2), as well as

-1
@ e™M|0) =

2ig
- € 10}

we have
n+m—3

Que—rmy(x38) = (1 — 1)? [ Z (—)7 S(a4m-3—plps1y(x)

g=-1

m=2\ fm~j-3
(Z +( - t_l) Z) ( Z (—1)"+j+quq+n+j+2 S(m—j—3—qln+ j+14+q)(X)

f==—1 g=-1
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m—j=3

- Z (=1)I 12T g mimqlg+ 1) (%)
g=-1

htj=2m—j-3

2

— Y D et S(m—f—B—q.n+j—2—pIp+1.q+1)(x)) . (53)
p==1 g==1

Thus we are able to express two-part Hall-Littlewood functions in terms of one and two-
hook S-functions. Again there is overcounting in the above equation, but this might be
expected due 1o the complicated nature of inverse Kostka—Foulkes matrices.

Fxample. Usingn =4 and m =1 in (5.3) we have
i
-(-i_—t)ZQ,g]}(x: = s(31)(x) - tS(zz)(x) — tsmz)(x) + (tz 4 t3)s(14)(x)

while for n = 3, m = 2, we get

FPaplx; 1) =

2) Q(M)(x, t) = S(zz)(x) — t.S‘(mz)(x) -+ t3 5(14}(.:).

1
P30 = a7

For the general case we have

_ 1—t7'Ry .. s
Ony -+ 9n,|0) = (1 — )P 177D H 1_—RJ‘ Pruzpt1 P, €77 0)

<J

and so application of (5.2) will allow one to express Py(x; £) where A is a p part partition
in terms of one, two, up to p-hook S-functions.

6. Conclusions

We have used the (generalized) boson-fermion correspondence as a means of generating
interesting identitics amongst power sums, $-, - and Hall-Littlewood symmetric functions.
We developed methods for decomposing s,(x") which enabled us to examine some S-
function plethysms directly from the definition. Finally we we able to apply similar methods
for expanding Hall-Littlewood functions in terms of ordinary S-functions. It would seem
that the methods used here could be applied to any symmetric function which is expressable
in terms of the product of modes of a veriex operator, for example Milne’s symmetric
functions Hy{(x; q) [36,37]. Indeed, if a vertex operator realization of Macdonald’s [38]
generalized symmetric functions Py(x; q.t) were available (of which the author remains
unaware), these methods could be of help in studying the properties of these important
functions.

One possible avenue for further investigation is to consider extending the definition of
outer plethysm to Hall-Littlewood functions. For example, using

k—1
Tn-idk = Cor—tpy + (1 — 1) Z Qnmj )
j=0

we can mirror the derivation of &,(x?) to show that

n—1
gn(x% ) = 1+ Y (1) Qanej p (3 8) + (1" Qam(x: ).
j=0



604 T H Baker

Thus if we define the plethysm @, ® @, to mean: express O, as a multinomial in power
sums and then make the substitution py(x) — 05.(x/; t9), then we have the results

Qom —1Qon-1y + C@n-22 — - = {Qa+1n-1) T Cinyn) if n is even
gn @ Sy = -
G — 1Q@n-1.1y + Qen-22 — -+ + Qsin—0 if n is odd.
and
a()Cam + (@) Qan-1,1) + 2(1) Q2n-22)
+ -+ b Qesrn-n+ (1 —DQem if n is even
Gn @ g2 =

Qamy + () C@a-1,n + a() Qan-2,2)

+ o+ )@t - T HE = D) Qnm) if n is odd.

where a(t) = (1 — £)(1 -+ #2) and b(#) = 2t{t — 1). There is no a priori reason why one
should use #/ in the above definition of Hall-Littlewood plethysm, however it seems that
the results are much nicer if this is the case. In particular, in the two examples above, the
coefficients in the plethysm are elements of Z[¢]. It would be interesting to find out if this
were true in general.
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Appendix. Determinant formulae for h,(z%)

There is an interesting relation between #,(x?), the elementary Q-functions g,(x) and the
functions k,(x?) = h,(x, x). Here,

B () = Z ( :’ ) 5.(x)

Abnm
denotes a replicated S-function [34] and

—c(x)
(3)-T5

is the generalized binomial coefficient associated to a partition A. In particular, for ¢ = 2,
we have

}z,,(xm) = Z {(p+ ])5(m+p.m)(x)~
2m+p=n
Now

ihn(x@’)z" = exp ((Z + Z) = pa(x)z ) = (i hk(xz)zﬁ) (iq:(ﬂz‘) :
k=0 =0

n=0 neven  #sodd

Hence

hoaGc®) =D he ;0N gy (x) AP =3 e j () gy (x).
=0 Jj=0
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Alternatively we can write this as

1 1 0 0

Ro(x®)  Ri(x®) 1 0

Ra(x®) B mGH 1 0

Goa () = (—=1)"

hana(x®)  Basy () By a(x® - (% 1

FonxP)  ha(x®) Beo1(x® o (3 Bi(x?)
hi(x@) 1 0 0 0
B(®y B 1 0

Bs®) G @D
G (x) = (=1)"

Boau1GP) by 6B hea(xd) - RGYH 1

Rt (2P By 2D B (3% 0 B ()
1 1 0 e 0 )
a(x®)y  ga(x) 1 0

mG®) @) @ 1
k(%) = (1)

Ran—2Gx™)  gana(x)  gaoalx) - galx) 1
han@x®)  ga(x)  gumea(x) - @) gx)
mx® ) 0 e 0 0
Rx®) @) @) 0 0
_1ye hs(x®) gs(x) g(x)  q@lxy e 0
k (x2) — L
" [qi (x)I++!
Poac1 5P gaai(x) gaos®) - @(x) g1(x)
Boap1 P @oapi () gz (x) - gs(x)  ga(x)
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